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Under investigation in this paper, with symbolic computation, is a variable-coefficient variant
Boussinesq (vevB) model for the nonlinear and dispersive long gravity waves travelling in two hori-
zontal directions with varying depth. Connection between the vevB model and a variable-coefficient
Broer-Kaup (veBK) system is revealed under certain constraints. By means of the N-fold Darboux
transformation for the veBK system, odd-soliton-like solutions in terms of the Vandermonde-like de-
terminant for the vevB model are derived. Dynamics of those solutions is analyzed graphically, on
the three-parallel solitonic waves, head-on collisions, double structures, and inelastic interactions. It
is reported that the shapes of the soliton-like waves and separation distance between them depend on
the spectrum parameters and the variable coefficients affect the velocities of the waves. Our results
could be helpful in interpreting certain nonlinear wave phenomena in fluid dynamics.
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1. Introduction

Soliton equations are physically significant [1—3].
One of them, the Boussinesq equation [4],

U :nx+(n2)m+nmxx» (1)

has been developed to describe the bidirectional prop-
agation of the small amplitude and long wavelength
capillary-gravity waves on the surface of shallow
water [5], where x is the scaled space, t is the
scaled time, n = n(x,¢) is a sufficiently differen-
tiable function representing the velocity of the wa-
ter, and the subscripts represent the partial deriva-
tives. Additionally, (1) can be also used to charac-
terize other physical phenomena, such as the non-
linear lattice waves [6], ion sound waves in plas-
mas [7], vibrations in a nonlinear string [8], and perco-
lation of water in the porous subsurface of a horizon-
tal layer of material [9]. With diverse dispersion and
nonlinear effects taken into account, several general-
ized and variant versions of (1) have also been derived
[10,11].

With the inhomogeneities of media and nonuni-
formities of boundaries considered, certain variable-
coefficient models in fluid dynamics, plasma physics,
and optical-fiber communication have attracted consid-
erable attention for their ability to describe the real sit-
uations more powerfully than their constant-coefficient
counterparts [1—3]. In this paper, we shall investi-
gate the variable-coefficient variant Boussinesq (vcvB)
model [12],

s + 0 (£)vy + B () uty + 71 ()t = 0,

2
v+ 0 ()uvy + Bo()vuy + 1. (t)vix + p(8) sty = 0, )

where x is the scaled space, ¢ is the scaled time, u =
u(x,t) is the field of the horizontal velocity of the water
under investigation, and v = v(x,) denotes the height
deviating from the equilibrium position of the water.
p(t), (1), B;(z), and y;(r) (j = 1,2) are some smooth
functions of ¢, with 7, (¢), 1»(¢), and p(¢) representing
different diffusion strengths. System (2) has been pre-
sented for describing the nonlinear and dispersive long
gravity waves travelling in two horizontal directions in
shallow waters with varying depth [13]. It is observed
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that System (2) includes the following three models
arising from the shallow water by the appropriate pa-
rameters selection:

e The Broer-Kaup (BK) system [14],

Uy = Uy — 2ully —2Vy, V= =V —2(uv)y, (3)
characterizes the bidirectional propagation of the long
waves in shallow water, where u = u(x,7) is the sur-
face velocity of the water and v = v(x,7) is the wave
elevation of the water wave.

e The (1+1)-dimensional dispersive long wave
equations [15],

1
g+ (Pq)x+ 7P =0, (4)

Pr+qx+ppx =0, 3

can be rewritten as the above BK system and admit the
bidirectional solitons, where ¢ is the elevation of the
water wave and p is the surface velocity of the water
along x-direction.

e The Whitham-Broer-Kaup model [16, 17],

g+ utty + vy + Buy = 0,

)
Ve + (uv)x + Qe — By =0,

is a completely integrable system to describe the dis-
persive long wave in shallow water. In System (5),
u = u(x,r) denotes the horizontal velocity of the wa-
ter, v = v(x,1) is the height deviating from the equilib-
rium position of the water, while & and 3 are both real
constants representing different diffusion powers.

Auto-Bicklund transformation and similarity reduc-
tions of System (2) have been derived [18]. Painlevé
property for System (2) has been reported under some
constraints [19], and the N-solitonic solutions in terms
of the Wronskian determinant has been presented
by the Hirota technique [19]. Lax pair and Darboux
transformations (DTs) have been constructed for Sys-
tem (2), by which the one- and two-solitonic solutions
have been given [20].

Up to now, on the other hand, there have been sev-
eral ways to obtain the soliton solutions of the soli-
ton equations, such as the inverse scattering transfor-
mation [21], Painlevé analysis [22], Bédcklund trans-
formation [23], separated variable method [24], Hirota
technique [25], and DT [26]. Among them, the DT
based on the Lax pair is a method to generate the soli-
ton solutions of some soliton equations from the trivial
seeds [26—32]. The key point for constructing the DT
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is to keep the linear eigenvalue problems associated
with the integrable system invariant, so that the new
solutions can be obtained from the trivial ones [26].
Especially, the N-fold DT, which can be interpreted as
a superposition of a single DT, has been applied to cer-
tain soliton equations for deriving the multi-soliton so-
lutions [29 —32]. Compared with that of the single DT,
one of the advantages of the N-fold DT is that the prob-
lem solving of an integrable system is finally reduced
to solving a linear system, which is suitable for gener-
ating the multi-soliton solutions [29 —32].

To better understand the dynamics of the wa-
ter waves in the nonuniform backgrounds and pro-
vide useful information for the coastal and civil en-
gineers to apply the nonlinear water wave models
in a harbour and coastal design, it is valuable to
seek for more solutions of System (2). In this pa-
per, we will focus on the odd-soliton-like solutions
in terms of the Vandermonde-like determinant via the
N-fold DT method and give the analysis on the dy-
namics for System (2), including the three-parallel
solitonic waves, head-on collisions, double structures,
and inelastic interactions. To our knowledge, such re-
sults have not been reported in the existing literatures
as yet.

The outline of this paper, with symbolic computa-
tion [1-3], will be organized as follows: Connection
between System (2) and a variable-coefficient Broer
Kaup (vcBK) system will be revealed under certain
constraints in Section 2; N-fold DT of the vcBK sys-
tem will be constructed by a gauge transformation in
Section 3; as some applications, odd-soliton-like solu-
tions will be presented in terms of the Vandermonde-
like determinant and dynamical features for System (2)
will be analyzed through figures; Section 4 will be al-
lotted for our conclusion.

2. N-fold Darboux Transformation (DT)
Applying the following transformation,

1
MZ_EH’ v:ng—G, (6)
we can change System (2) into a vcBK system, pre-
sented as

Ht = a(t) <GX+HHX_ %Hxx) )
(7

G, =a(t) BGM + (GH)X] ,
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under the following constraints:

1 ®)

1) =~ () = 5a(r) ~ 5 Balt),
ple) = 5 B%al0) ~ Bals).

where a(t) is a smooth function of ¢ and 8 # 0 is an
arbitrary constant.

System (7) is associated with the generalized
BK [31] spectral problem,

¢=U0, ¢ =V9, €)

with
U— <7L —1%H %I;€l>’ V= <; —QP)’ (10)
P= %a(t)(—Hz—i—M,z—i—Hx), (11)
0- —%a(t)[G(H—i—Z/”L)—i—Gx}, (12)
R= ta()(H+22). (13)

2

Compatibility condition ¢, = ¢, yields a zero curva-
ture equation,

U —-Vi+[U,V]=0, (14)
which leads to (7).

N-fold DTs for the BK system [14] can be seen
in [31]. This section discusses the vcBK system, i.e.,
System (7). Now we introduce a gauge transformation,

¢=T9, (15)
where T is defined by

T.,+TU =UT, T,+TV=VT. (16)
Lax pair (9) can be transformed into

.=U%, 6,=V5, am

where U and V have the same form as U and V, re-
spectively, except replacing H and G with H and G.
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Let matrix 7 in (15) be in the form

T—T(?L)—p(é g) (18)

with

>

N-1 vy 0 (19)
c=Y AMc, p=Y Apy,
k=0 k=0

N—1 N—1
A=+ Y Afa, B=Y A'By,
k=0 k=

where p, Ajs, Bis, Cs, and Dis (1 <k < N —1) are
the functions of x and . A}s, B;s, C;s, and D;s can be
determined by the following linear algebraic system:

N-1
/;)),}‘(Ak-f-Bij) =47,
= (20)
Y Af(Gi+ Dyoy) =0,
k=0
with
o = Q) =rvald) oy, )

o1(A)) —riyi(2;)’

where @ = (@1, 0)" and w = (y1, )T are two basic
solutions of the spectral problem (9), and A}s and r’;s
(Ax # Aj, rx # rj as k # j) are some parameters suit-
ably chosen such that the determinant of coefficients
for (20) is nonzero.
Hence, if we take
1 1

By 1=—5G, Cy_1=3,

2 2 (22)

the rest of Ays, Bys, Cis, and Djs (1 <k <N —1) are
uniquely determined by (20).

(19) shows that 7 (A) is a (2N — 1)th-order polyno-
mial of A and

det T (A;) = A())D(A;) ~ BOHC(Ay).  (23)
On the other hand, from (20) we have

A(Aj) = —0;B(1)), C(A;)=—0;D(4;). (24)
Therefore, it holds that

detT(A;) =0, (25)
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which implies that Ais (1 < j < 2N —1) are 2N — |
roots of detT (1), i.e.,

2N—1
detT(A)=16 H (A—=24)), (26)
j=1
where 0 is independent of 7.
We will prove the following theorem:
Theorem 1: Let p satisfy
1
2
= ; 27)
P Dy,

then matrices U and V have the same forms as U and V/,
respectively, where the transformations from the old
potentials into the new are determined by

— Dy_1x
H=H+—=— 28
+ Dy (28)
G=G—24y_1, (29)
Proof. Let
T*
-1_ £
~ detT’ (30)
«_ (fu(d) fiz(d)
(LATUT" = <f21(/1) f22(1)>’ G

where T* denotes the adjoint matrix of 7. It can be
seen that f71(A) and f»,(A) are the 2Nth-order polyno-
mials in A, while f1(1) and f>; (1) are the (2N — 1)th-
order polynomials in A. From (9) and (21), we have a
Riccati equation

ojx=1—(2A;— H)o;+ Go7. (32)

Through some direct calculations, all l]’»s(l <j<
2N — 1) are the roots of f;(1)'s (s,] = 1,2). Therefore,
(31) gives,

(Ty+TU)T* = (detT)P(A), (33)
with
(0)
fia
, (34
f$%+ﬁ?)

where fs(lj)’s (s,l =1,2; j=0,1) are some undeter-
mined functions independent of A. Now (33) can be
written as

(1) (0)
P = (f“ o
f21

(I,+TU)=P(A)T. (35)
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Comparing the coefficients of AN*! AN and AN!
in (35), we obtain that

M=-r)=1 =, (36)
1

R =1 = —3H + 3:np. (37

9= _G+2ay 1. (38)

Substituting (27) into (37) and using H in (28), we have

M =fn'=—3H. (39)
Applying G in (29), we get
-G (40)

Therefore, we can obtain P(1) = U.
Next, we try to prove that V has the same form as V
under Transformations (28) and (29). Let

gi(A) glz(l))
21(4) gn(A))’

and we see that g11(A) and g»2(A) are the (2N + 1)th-
order polynomials in A, while gj2(4) and g»;(A) are
the 2Nth-order polynomials in A. From (9) and (21),
we have a Riccati equation,

(L+1V)T* —( 41)

1 1
(42)
bz 1y H+A
-2 _ZH+ j+Z x Gj+5 +Aj] .
Through the direct calculations, all /l]’»s(l <j<2N-—-
1) are the roots of ggy(A)'s (s,{ = 1,2). Therefore,
(41) gives

(L+TV)T* = (detT)Q(A), (43)
with
0(A) =
(gﬁ)lz +eA+el]  eldA+el) ) (44)
h+es g A e tey)
where gi{)’s (s,l =1,2; j =0,1,2) are some undeter-

mined functions independent of A. Now (43) can be
written as

(T, +TV) = QA)T. (45)



822

Comparing the coefficients of ANt2 ANt AN and
AN=1in (45), we obtain that

gﬁ) = —g%) = g&? =a(t), gﬂ) = gélz) =0, (46)

(1) — —a(t) GH+2GAy 1 +4By 2+ Gy
812 2DN71
—a(t)(AN_1 — 2CN—2 — DN—l)a
811 = —8»
1 49)
-2l + o2 et -26+ 1))
3 P
1
g2 = {G[p (417 —alt) (H* + 44y H

8pDy_
+8AN-—2— )) 4Pt} 4p [28(112)DN—2+Gf (50)

+alt)(4By_s +AN,IGX)] }

Comparing the coefficients of A¥~! and A¥~2 in (35),
we have

, (47)

(48)
0 _ _ .0

1
AN 1 x=—
N—1x 4Dy, (51)
- [4By_2+ G(H +2AN_1 —2Dy_1) + Gy],
D _ pr—
N—1x (52)
Dy_ (—H —2AN_ +4CN72+2DN71),
By_ox = —{43 3Dy
N—2,x 2DN7] N-3LN—-1
—2BN_2(2DyN_»+HDy_1) (53)

+G {(—H —2AN_1)Dn_2 + 2AN72DN71} _DN72GX}»
Cy—2x=An—2—2CNy_3—Dyn_>

(54)
+ 2CN—2(—AN-1+2Cn—2+Dy_1).
Using G in (29) and (51) yields
giy = —a(1)G. (55)
Employing H in (28) and (52), we get
1 _
gt = 5a(0)H. (56)

Applying (27), (47)—(49) and then comparing the co-
efficients of A¥~1 in (43), we have

1
DN*IJ = Za(t) [4BN72 +G(H+2AN,1 — 2DN71)

+Gy+2Dy_1(—H?+2Dy_1H — 4Ay >
+8Cy—3+4Dy_2+4AN_1(An—1 —2CN—>

_DN—1)+Hx)}-

(57)
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Noticing (27), (28), (47), (52), (54), and (57), we ob-
tain
0 1 = =
gl = — a0~ ). (58)
Using (27)-(29), (47), (49), (51)—(53), and (57), we
find that
0 alt) — —
g\ = —¥(Gx +HG). (59)
Therefore, we obtain Q(A) =
pleted.

Theorem 1 indicates that the transformations (15),
(28), and (29) change the Lax pair (9) into another
Lax pair of the same type, i.e., (17). So the two
Lax pairs result in System (7). The transformation

(¢,H,G) — (¢,H,G) is known as a N-fold DT of
System (7).

V. The proof is com-

3. Odd-Soliton-Like Solutions

In this section, we derive the (2N — 1)-soliton-like
solutions for System (2) by applying the aforemen-
tioned N-fold DT. Substituting H = 0 and G = 1
into (9), we have two basic solutions

N cosh&;
o(4)) = (}LjCOShéj—cjsinhéj>’ ©
N sinh§;
Vi) = </1,~ sinhéi,»—c,'coshiij)’ o
with
él =cCj [x—i—l]/a(f)dt} ’
(62)

According to (21), we have

tanh&; —r;

oi=Aj—c;—L 2L
s le—rjtanhéj

1<j<2N—1. (63)

Let l]’»s (1 £ j <2N —1) be constants. Then solving
System (20), we have

NAyN_ ADpy_

N—1 Dy_i = N—1

Ay 1= it
N—1 A]’ Az’

(64)

with
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1 o] A oM GlllN_z llN_l
1 o 2 ol Y DA FA
Ay = ; (65)
1 o1 An-1 Owv-1hon-i oA A
1 O] 2,1 O']A,] O']A,{V_z —A/1N+ %O']A,{V_l
1 (o) A oA Gzlév_z —),év + %Gzlév_l
NAy_| = ; (66)
I o1 A1 Oav-1hdon-i o1y =M+ soan AN
1 (o] A,] G]l] G]llN_z O']A,{V_l
1 (o)) A oA 621572 Gzlévil
Ny = ; (67)
1 o1 A1 Gav-1hov-i O 1A G A
1 (o] M oM 6111}\,72 —%lf\Ll
1 (o)) Ao oAy 6215\172 —%lé\hl
ADy_1 =] (68)
1 o1 An-1 Owv-1hov-i o1 AN AN
Hereby, Ay_; and Dy_; can be expressed in terms B i ~ Vun-1(1;05]4;)
of the Vandermonde-like determinant as follows VIZN—11= B3 n(-1) 2y 1n(1;6j|A))
[32-37]: ’ *
_1+2{ Vn-1n(15054)) ]
Ay = VN_LN(l;Gij) 2(_1)N71VN,N—1(1;GJ‘2’1) x
T 2(1 N_IVN.Nfl 1;0:|A; 2N—1
( 2i/—1 L fv %) Y (D AV v 1 oy A
1 (—yen Zie CU A1 [ o Mgy +24 (DM (1;0/4))
Vvv-1(1:05(2;) ’ NI S
Vn-1(1;0j[4)) )
Dy = (=N 2T (69) (71)
=0 2Vy-1n(1:014;) ,
ForN=2,A= l]’»s (j =1,2,3). Solving (20) leads to
with AA AD,
A = N | = o (72)
2,3,...2N—1, k=1, I >
= L2kl o o (g with
k+1,....2N—1, e A
1,2,...2N—2, k=2N—1. A=l oo al a3
. . 1 o3 Ag
Using (6), (28), and (29), we obtain the (2N — 1)-
soliton-like solutions for (2) as follows: 1 o — 112 + % A0}
=1 o —lh+iko
u2N —1] = — L [in(— 1)y v (L 0glA) o TR, i
2 ZVN_LN(l;Gij) x7 1 o3 _A3+§A363
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I o1 Ao Three-soliton-like solutions of (2) are presented as
Az =1 O 1262 s (75)
1 O3 1363 3] = _lDlsX 77
3 = =35 (1)
1 o —lll
i v[3]—E Dis) 404 (78)
AD;=|1 0 —3h (76) ~ 2\ D L
_1 !
I o 213 Remark: The Vandermonde-like determinantis in-
troduced as [34, 35]
aj ajxy apcqwil by bixy bl)glvil
ap a)xy alezw_l by baxs bzsz_l
VMN(ar;br \xr) = ) (79)
AM+N  AM+NXM+N apmnXyn buen  buanxuen BNy

where r = 1,2,...,M + N. In particular, we denote
Vun(ar; by | x,) =0 for M < 0 or N < 0 and Vyo(ay; by |
xr) =1 for M = N = 0. This determinant has some
properties and applications in soliton theory [32 —37].

In order to better understand the dynamics of Sys-
tem (2), we draw some figures to analyze the soliton-
like behaviours.

Figures 1 and 2 display the intensity evolution plots
of the parallel three-soliton-like solutions for Sys-
tem (2), the traces of which undergo the parabola-type
and sine-type oscillation, respectively. Both sets of the
three-soliton-like waves propagate stably without any
affection to each other and the separation distances
among them keep invariant. We can see that the shapes
of the soliton-like waves described by u are bell-shaped
and those by v are anti-bell-shaped.

Figure 3 (parabola-type) and Figure 4 (sine-type)
exhibit the head-on collisions between three soliton-
like waves. For example, as shown in Figure 4a, the
anti-bell-shaped waves R; and R, propagate parallel
and do not influence each other, while the direction of
the velocity of the bell-shaped wave R3 is reverse to
that of R, (or R;). Head-on collisions continue to arise
periodically. Cause of such phenomena is that the al-
gebraic signs of Ay and A, are opposite to that of A3.
Like Figures 1 and 2, it is observed that the amplitudes
of the soliton-like waves are always unchangeble while
the velocities vary with time due to the effect of a(z).

Compared with Figure la and Figure 2a, Figure 5
shows the shape-changing collisions with the param-
eters /lj’»s (j = 1,2,3) adjusted. Taking Figure 5b for
example, we can see that the soliton-like wave S3 prop-

agates with the invariant amplitude along a sin-type
trace while S7 and S, interact with each other peri-
odically. We observe that Figure 5b plots the opposite
trends of the amplitudes of S; and S5, that is to say,
when the amplitude of S, suppresses, that of S will
enhance. In fact, contributor to this phenomenon is that
the value of |A; — A,| is raised.

By selecting different values of 4;, A, and A3 in
Figures 1 and 2, we demonstrate two sorts of the
double-humped structures for System (2) in Figure 6.
The higher the values of |4;|'s get, the more apparent
such phenomenon becomes.

To our knowledge, the three-parallel solitonic waves
(Figs. 1 and 2), head-on collisions (Figs. 3 and 4),
inelastic interactions (Fig. 5), and double structures
(Fig. 6) for System (2) have not been reported in the
published results, as yet, even if authors of [19] have
presented the evolution of the two-parallel solitonic
waves which do not interact with each other and prop-
agate with a constant separation between them, sim-
ilar to Figure 1, and presented the fission behaviour
that one large-amplitude solitonic wave splits into two
small-amplitude solitonic waves. On the other hand,
from the figures in [20], one finds that the horizontal
velocity u is always the shock wave that is different
from those shown in Figures 1—6, where u describes
the bell-shaped solitonic waves.

From the above analysis, it can be concluded that
the shapes of the soliton-like waves and separation dis-
tance between them mainly depend on the spectrum
parameters ),J’-s (1 < j<2N-—1), and the function a(r)
affects the velocities of the soliton-like waves.
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Fig. 1 (colour online). Three-
soliton-like solutions via Ex-
pressions (77) and (78) with
H=0,G=1,A4=-15 1=
71.6, k_?, = 71.7, ﬁ = 1, ry =
—0.5,rp=1.5,r3=-0.5, and
a(t)=t.

Fig. 2 (colour online). Three-
soliton-like solutions via Ex-
pressions (77) and (78) with
H=0,G=1,41=-151 =
—1.7, 3=-19,8=1,r =
—0.5, = 1.2, r3 = —0.5, and
a(t) = sin(r).

Fig. 3 (colour online). Three-
soliton-like solutions via Ex-
pressions (77) and (78) with
H=0,G=1,A =15 4 =
1.6, k_?, = 71.7, B = 1, ry =
—0.5,rp=1.2,r3=-0.5, and
a(t)=t.

4. Conclusion tal directions with varying depth. Variable Transfor-
mation (6) or the relationship between Systems (2)

In this paper, the main attention has been focused |
on System (2), which describes the nonlinear and dis- o (1) =—3

. . o . 1
persive long gravity waves travelling in two horizon- —%(f) = 3

and (7), has been revealed under the constraints:
a(t), ap(t) = Pi(t) = Po(t) =2a(t), n(t) =
a(t) = 3Ba(t), p(t) = 3B%a(t) — alr).
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N-fold DT of Systems (2) [Equations (15), (28),
and (29)] have been constructed by a gauge trans-
formation. Multi-soliton-like solutions in terms of the

Vandermonde-like determinant for System (2), i.e.,
Equations (28) and (29), have been presented. Dynam-
ics of the three-soliton-like soltutions have been ana-
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SRR
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Fig. 4 (colour online). Three-
soliton-like solutions via Ex-
pressions (77) and (78) with
H=0,G=1,A4 =151 =
1.6, 3=—-17,8=1,r =
—0.5, rp = 1.2, r3 = —0.5, and
a(t) = sin(r).

Fig. 5 (colour online). Three-
soliton-like solutions via Ex-
pression (78). The choice of the
parameters: (a) is same as Fig-
ure 1 except A} = —1.4, 1, =
—1.8, and A3 = —1.9; (b) is
same as Figure 2 except 4| =
—14, 2y = —1.8, and A3 =
—1.9.

Fig. 6 (colour online). Double-
humped structures via Expres-
sion (78). The choice of the pa-
rameters: (a) is same as Fig-
ure 1 except A} = —2.5, 1, =
—2.6, and A3 = —2.7; (b) is
same as Figure 4 except A; =3,
lz = 3.2, and )1,3 =-34.

lyzed graphically, on the three-parallel solitonic waves
(Figs. 1 and 2), head-on collisions (Figs. 3 and 4),
inelastic interactions (Figs. 5), and double structures
(Figs. 6). Relevant issues can be seen in [38,39].

We have also revealed that the values of the spectral
parameters l]{s (1 < j <2N —1) have the effect on the
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interaction between the soliton-like waves as well as
the shapes of the soliton-like waves, while the variable
coefficients only make the soliton-like waves to change
their velocities. Our results could be useful to explain
certain nonlinear and dispersive problems in fluid dy-
namics.

Acknowledgements

We express our sincere thanks to the Editors, Ref-
eree, and all the members of our discussion group
for their valuable comments. This work has been sup-

[1] M.P. Barnett, J. F. Capitani, J. Von Zur Gathen, and
J. Gerhard, Int. J. Quant. Chem. 100, 80 (2004);
B. Tian, W.R. Shan, C.Y. Zhang, G. M. Wei, and Y. T.
Gao, Eur. Phys. J. B (Rapid Not.) 47, 329 (2005);
B. Tian and Y. T. Gao, Phys. Lett. A 342, 228 (2005);
359, 241 (2006); B. Tian, Y.T. Gao, and H. W. Zhu,
Phys. Lett. A 366, 223 (2007).

[2] W.P.Hong, Phys. Lett. A 361, 520 (2007); B. Tian and
Y. T. Gao, Eur. Phys. J. D 33, 59 (2005); Phys. Plasmas
12, 054701 (2005); 12, 070703 (2005); Phys. Lett. A
340, 243 (2005); 340, 449 (2005); 362, 283 (2007).

[3] G. Das and J. Sarma, Phys. Plasmas 6, 4394 (1999);
Z.Y. Yan and H. Q. Zhang, J. Phys. A 34, 1785 (2001);
Y.T. Gao and B. Tian, Phys. Plasmas 13, 112901
(2006); Phys. Plasmas (Lett.) 13, 120703 (2006); Phys.
Lett. A 349, 314 (2006); 361, 523 (2007); Europhys.
Lett. 77, 15001 (2007); B. Tian, G.M. Wei, C.Y.
Zhang, W.R. Shan, and Y. T. Gao, Phys. Lett. A 356,
8 (2006).

[4] J. Boussinesq, Compt. Rend. Acad. Sci. 72, 755
(1871).

[5] G.B. Whitham, Linear and Nonlinear Waves, John Wi-
ley and Sons, New York 1974; R. S. Johnson, A Mod-
ern Introduction to the Mathematical Theory of Water
Waves, Cambridge Univ. Press, Cambridge 1997.

[6] N.J. Zabusky, in Nonlinear partial Diffierential Equa-
tions, (Ed. W.F. Ames), Academic Press, New York
1967; M. Toda, Phys. Rep. 18, 1 (1975).

[7]1 A.C. Scott, in: Backlund transformations, Lecture
Notes in Mathematics, Vol. 515, (Ed. R.M. Miura),
Springer, Berlin 1975.

[8] V.E.Zakharov, Sov. Phys. JETP 38, 108 (1974).

[9] M. Javidi and Y. Jalilian, Chaos, Solitons, and Fractals
36, 1256 (2008).

[10] J.M. Witting, J. Comput. Phys. 56, 203 (1984); P. A.
Madsen and O.R. Soensen, Coast. Eng. 18, 183
(1992); O. Nwogu, Ocean Eng. 119, 618 (1993).

[11] G. Wei, J. T. Kirby, S. T. Grilli, and R. Subramanya, J.
Fluid Mech. 294, 71 (1995); P. A. Madsen, B. Banija-
mal, and H. A. Schiffer, Coast. Eng. 8, 95 (1996); P. A.

827

ported by the National Natural Science Foundation of
China under Grant No. 60772023, by the Open Fund
No. BUAA-SKLSDE-09KF-04 and Supported Project
No. SKLSD-2010ZX-07 of the State Key Laboratory
of Software Development Environment, Beijing Uni-
versity of Aeronautics and Astronautics, by the Na-
tional Basic Research Program of China (973 Pro-
gram) under Grant No. 2005CB321901, and by the
Specialized Research Fund for the Doctoral Program
of Higher Education (No. 200800130006), Chinese
Ministry of Education.

Madsen, H. B. Binggham, and H. Liu, J. Fluid Mech.
462, 1 (2002).

[12] K. Singh and R. K. Gupta, J. Eng. Sci. 44, 1256 (2006).

[13] L.P. Cook, V. Roytburd, and M. Tulin (eds.), On
Modeling Nonlinear Long Waves, SIMA, Philadelphia
1996.

[14] L.J. Broer, Appl. Sci. Res. 31, 377 (1975); D.J. Kaup,
Prog. Theor. Phys. 54, 396 (1975).

[15] C.L. Chen and S.Y. Lou, Chaos, Solitons, and Fractals
16, 27 (2003).

[16] B.A. Kupershmidt, Commun. Math. Phys. 99, 51
(1985).

[17] G.B. Whitham, Proc. R. Soc. Lond. Ser. A 299, 6
(1967).

[18] M.H.M. Moussa and R.M. El Shikh, Phys. Lett. A
372, 1429 (2008).

[19] M.Z. Wang, Y.T. Gao, C. Zhang, X. H. Meng, X. Yu,
T. Xu, and Q. Feng, Int. J. Mod. Phys. B 23, 3609
(2009).

[20] D.X.Meng, Y.T. Gao, X. L. Gai, L. Wang, X. Yu,Z. Y.
Sun, M.Z. Wang, and X. Lii, Appl. Math. Comput.
215, 1744 (2009).

[21] M.J. Ablowitz and P. A. Clarkson, Solitons, Nonlin-
ear Evolution Equations and Inverse Scattering, Cam-
bridge Univ. Press, Cambridge 1991.

[22] J. Weiss, M. Tabor, and G. Carnevale, J. Math. Phys.
24, 522 (1983).

[23] M. Wadati, H. Sanuki, and K. Konno, Prog. Theor.
Phys. 53, 419 (1975).

[24] S.Y. Lou, Phys. Lett. A 277, 94 (2000).

[25] R. Hirota, The Direct Method in Soliton Theory, Cam-
bridge Univ. Press, Cambridge 2004.

[26] V. A. Matveev and M. A. Salle, Darboux Transforma-
tion and Solitons, Springer, Berlin 1991; C.H. Gu,
H.S. Hu, and Z. X. Zhou, Darboux Transformation in
Soliton Theory and Its Geometric Applications, Shang-
hai Sci.-Tech. Pub. House, Shanghai 2005.

[27] E.G. Fan, J. Math. Phys. 41, 7769 (2000); R. Xu, Com-
mun. Theor. Phys. 50, 579 (2008).

[28] Y.S.Li, W.X. Ma, and J. E. Zhang, Phys. Lett. A 275,



828

[29]

(30]

(31]

(32]

(33]

60 (2000); Y.S. Li and J. E. Zhang, Phys. Lett. A 284,
253 (2001); J. Lin, B. Ren, H. M. Li, and Y. S. Li, Phys.
Rev. E 77, 036605 (2008); J. E. Zhang, C. L. Chen, and
Y. S. Li, Phys. Fluids. 16, 5 (2004); Y. S. Li, J. Nonlin-
ear. Math. Phys. 12, 466 (2005); H. H. Dai and X. G.
Geng, J. Math. Phys. 41, 11 (2000).

Z.Y. Wang and J.S. Zhang, Commun. Theor. Phys.
49, 396 (2008); X.G. Geng and H. W. Tam, J. Phys.
Soc. Jpn. 68, 1508 (1999); E. G. Fan, Commun. Theor.
Phys. 35, 651 (2001); H.X. Yang, D.L. Wang, and
C.S. Li, Mod. Phys. Lett. B 25, 1575 (2006); P. Liu,
Appl. Math. Mech. 29, 399 (2008); Q.L. Zha and Z. B.
Li, Chin. Phys. Lett. 25, 8 (2008); R. Xu, Mod. Phys.
Lett. B 22, 1461 (2007).

X.M. Li and A.H. Chen, Phys. Lett. A 342, 413
(2006); A.H. Chen and X. M. Li, Chaos, Solitons, and
Fractals 27, 43 (2006); Z.Y. Wang and A.H. Chen,
Chin. Phys. Soc. 16, 1233 (2007); Q. L. Zha, Y. Chen,
and Z.B. Li, Chaos, Solitons, and Fractals 41, 661
(2007).

Y. Zhang, H. Chang, and N. Li, Phys. Lett. A 373, 454
(2009); Q. L. Zha and Z. B. Li, Commun. Theor. Phys.
49, 585 (2008); P. Liu, Acta. Math. Sci. 26A (2006)
999.

D.J. Huang, D.S. Li, and H. Q. Zhang, Chaos, Soli-
tons, and Fractals 33, 1677 (2007); D.J. Huang and
H. Q. Zhang, Phys. A 387, 4565 (2008).

H. Steudel, R. Meinel, and D. J. Kaup, J. Mod. Opt. 44,
287 (1997).

L. Wang et al. - Variable-Coefficient Variant Boussinesq Model

[34]

[35]

[36]

(371

[38]

(391

H. Steudel, R. Meinel, and G. Neugebauer, J. Math.
Phys. 38, 4692 (1997).

A. Coley, D. Levi, R. Milson, C. Rogers, and P. Win-
ternitz (Eds.), Backlund and Darboux Transformations:
The Geometry of Solitons, Am. Math. Soc., Provi-
dence, 2001, pp. 411 -418.

R. Meinel, G. Neugebauer, and H. Steudel, Solitonen-
nichtlineare Strukturen, Akademie Verlag, Berlin,
1991.

E.G. Fan, J. Math. Phys. 41, 7769 (2000); D. Levi,
G. Neugebauer, and R. Meinel, Phys. Lett. A 102, 1
(1984).

W.J. Liu, B.Tian, H. Q. Zhang, L. L. Li, and Y. S. Xue,
Phys. Rev. E 77, 066605 (2008); W.J. Liu, B.Tian,
and H. Q. Zhang, Phys. Rev. E 78, 066613 (2008);
W.J. Liu, B.Tian, H. Q. Zhang, T. Xu, and H. Li,
Phys. Rev. A 79, 063810 (2009); W.J. Liu, B.Tian,
T. Xu, K. Sun, and Y. Jiang, Ann. Phys. (2010),
doi:10.1016/j.20p.2010.02.012

T. Xu, B. Tian, L.L. Li, X. Lii, and C. Zhang, Phys.
Plasmas 15, 102307 (2008); T. Xu and B. Tian, J. Phys.
A 43, 245205 (2010); T. Xu and B. Tian, J. Math. Phys.
51, 033504 (2010); H.Q. Zhang, T. Xu, J. Li, and
B. Tian, Phys. Rev. E 77, 026605 (2008); H. Q. Zhang,
B. Tian, X. Lii, H. Li, and X. H. Meng, Phys. Lett. A
373, 4315 (2009); H. Q. Zhang, B. Tian, T. Xu, H. Li,
C. Zhang, and H. Zhang, J. Phys. A 41, 355210 (2008);
H. Q. Zhang, B. Tian, X. H. Meng, X. Lii, and W.J. Liu,
Eur. Phys. J. B 72, 233 (2009).



